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Abstract

Based on the factorization of soliton equations into two commuting integrable
x- and ¢-constrained flows, we derive N-soliton solutions for a mKdV equation
via its x- and ¢-constrained flows. We show that soliton solutions for soliton
equations can be constructed directly from the constrained flows.

PACS numbers: 02.30.Zz, 02.30.-f, 02.90.+p, 45.30.+s

1. Introduction

It is well known that there are several methods for deriving the N-soliton solution of soliton
equations, such as the inverse scattering method, the Hirota method, the dressing method,
the Darboux transformation, etc (see, e.g., [1-3] and references therein). In this letter, we
propose a method of constructing N-soliton solutions for a mKdV equation directly through
two commuting x- and 7-constrained flows obtained from the factorization of the mKdV
equation. It was shown in [4-7] that (1 + 1)-dimensional soliton equations can be factorized
by x- and 7-constrained flows, which can be transformed into two commuting x- and #-finite-
dimensional integrable Hamiltonian systems. The Lax representation for constrained flows
can be deduced from the adjoint representation of the auxiliary linear problem for soliton
equations [8]. By means of the Lax representation and the standard method given in [9-11]
we are able to introduce the separation variables for constrained flows [12-16] and to establish
their Jacobi inversion problem [14—16]. Furthermore, the factorization of soliton equations and
separability of the constrained flows allow us to find the Jacobi inversion problem for soliton
equations [14—16]. By using the Jacobi inversion technique [17, 18], the N-gap solutions in
terms of Riemann theta functions for soliton equations can be obtained, namely the constrained
flows can be used to derive the N-gap solution. This letter shows that the x- and #-constrained
flows and their Lax representation can also be used to directly construct the N-soliton solution
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for soliton equations. In fact, the method proposed in this letter, together with that in the
previous paper [19], provides a general procedure to derive N-soliton solutions for soliton
equations via their constrained flows.

2. The factorization of the mKdV hierarchy

We first briefly recall the constrained flows of the mKdV hierarchy and their Lax representation.
The mKdV hierarchy

8 Hyp,
G = Dby = D—222L n=0,1,... @.1)
8q
with
2a042
Hops =
R P

is associated with the reduced AKNS spectral problem for r = —¢q [1]:

Y\ Y N
(m)=v(h) e=(% 1) e

and the evolution equation of the eigenfunction

(1), =+ ()
where
y@nh) _ Mizl <aj b >k2n+lj 2.4)
=\ ey
with
ay=—1,bg=co=a, =0, by =—c; =q, a2=—%q2, b2:C2=—%qx,...

and, in general,

d
bam+1 = —Come1 = Lbom—1 L=3D*+qD"'qD D= o
DD'=D"'D=1 by =con=—1Dbs 25
a1 =0 aym = 2D "' qboy.
For the well known mKdV equation
qr = Db3 = %(q,\txx + 6qZQX) (26)
V& is
v® — -1 - %‘]21 q)\z - %‘h)‘ + AlMxx + %43 2.7)
T\ =g =g —1g., - 143 A+ lg2a ‘ '
q qu 4Qxx 251 2(]
We have
8 2 2 2 2 202 2
E =Y+ ) LY +¥3) =271 + ;). (2.8)

The x-constrained flows of the mKdV hierarchy consist of the equations obtained from
the spectral problem (2.2) for N distinct real numbers A; and the restriction of the variational
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derivatives for the conserved quantities Hy,4 (for any fixed ko) and A; defined by (see,
e.g., [4-7,20,21])

wljx=—)»'lﬂ1j+qlﬁ2j Yojx = —q¥j + Ajin; Jj=1...,N (2.9a)
3H2k0+1 1, 5
-z Z = by = 5 Zl(wl + ) =0. (2.9b)
For kg = 0, (2.9b) gives :
q = 5((Wy, W) + (U3, W) (2.10)
where

= (WYrts - V)" k=1,2 A = diag(ri, ..., Ay).
By substituting (2.10), (2.9a) becomes a finite-dimensional integrable Hamiltonian system
(FDIHS):

1 3H0
Wiy = AV + (W, W) + (W, W))W =
2 3‘1—’2
1 - @.11)
0
Wy = —= (W, ¥p) + (W, o)V + AWy = ———
2 2(( 1, W) + (W2, W)y 2 v,

with
Ho = —(AV, W) + g (W1, W) + (W, ¥3))°.

Under the constraint (2.10), the #-constrained flow obtained from (2.3) with V& given by (2.7)
for N distinct A; can also be written as a FDIHS:

v, = Wy = ———— 212
"=, 2 oy, (2.12)
with
Hy = —(AW, W) — $((Wy, W)) + (W, U)X (AW, 1)
LW, W) + (W, W) ((A2W, W) + (AW, 1)) — H(AW, B))?
— 3 (AW, Wo)? + LA, W) (AW, W) + 7= (U, W) + (U, Yo))*.

The Lax representation for the constrained flows (2.11) and (2.12), which can be obtained
from the adjoint representation of the Lax representation for the mKdV hierarchy [6, 8], is
given by

M, =[0.M] M, =[VO M]
where U and V® are obtained from U and V® by inserting (2.10) and the Lax matrix M is
of the form

(A B®) Adj Wlﬂﬁzj
M_(C(A) —A(A)) AG) = -4 - Z

1 | Y s 5
BO) = S (W1, W) + (W5, 90)) 4 5 3 5= (O Y — 0= )]
j=1 J
1 1 & )
OO = =5 (W1, W) + (%2, W) + Zl kz 10— DU — e+ A3
J

The compatibility of (2.1)—(2.3) ensures that, if W, W, satisfy two commuting
FDIHSs (2.11) and (2.12) simultaneously, then ¢ given by (2.10) is a solution of the mKdV
equation (2.6), namely the mKdV equation (2.6) is factorized by the x-constrained flow (2.11)
and 7-constrained flow (2.12).
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3. Constructing the IN-soliton solution for the mKdV equation

Hereafter we assume that g (x, t), V1, ¥, be real functions. For a soliton solution we have
qx,t) = 0,v%1; — 0,¥»; — 0, when |x| — oo. In order to obtain convenient formulae
to construct N-soliton solutions, we need to rewrite all the formulae by using the complex
version instead of the vector version. We let

q>=\111+i\I/2 ¢j=wlj+iw2j'
Then (2.11) and (2.12) become

D, = —AD* — %(bTCD*<1> 3.1
D, = —A3D* — %ancb*Azcb + %ACD*(DTACD —_ %cbchAzcb* (3.2)

where we have used Hy = 0.
The generating function of integrals of motion for the system (3.1) and (3.2), % Tr M>(A\) =
AW + B(L)C ), gives rise to

A’V +BAW)CO) =A* —2Ho + Z x2

where F;, j = 1,..., N, are N independent 1ntegrals of motion for the systems (3.1) and (3.2):
2

Fj:2)"jw1jw2] ICD ¢*A2(w11+w21)+ )"Z(WIJ-'-I#Z/)Z QZ )\’2 kj
k#/

Py = AW Yucon + Ui Wi + W3 — ViV — sz%k)
=MWV VSR YTV H YY) G =1 N,
Using (3.1), we have
Py = —%[)»k¢k¢;f()»k¢;¢j — XjrP;) + iy i — A )]
1idid50 (@7 + ™) = —(¢;97) (3.3)
Medidp — hidedt = (A — A0, (di).-

In a similar way to what we did in [19], in order to constructing N-soliton solutions, we have
to set ; = 0. By using (3.1) and (3.3) F; can be rewritten as

. N
= lm;[ — Gt % > Ama;lw,-abk)}
k=1

N
——A [ ,;%Zwk <¢¢k)}

k=1
which leads to

. N
bix = —vibi+ 5 2 M @b =1 N

k=1
or equivalently

&, = —rq>+%a;‘(q>q>T)Aq>= —I'd+RD (3.4)
where I' = diag(y, ..., yn), y; are undetermined real numbers and

i -1 T
R= 3 (@2D)A. (3.5)
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Notice that
%cbch — R A AR =RTA. (3.6)
It follows from (3.4) and (3.5) that

= %a;l(cbxqﬂ + d0T)A
=3 "(~-TR, +RR, — R.,T +R,R) = —T'R — RT + R%. (3.7)
We now show that I' = A. In fact, it is found from (3.4) and (3.7) that
&, = -—TP,+RD, +R, P
=—I(-T'®+RP)+ R(—I'®+RD) +(—T'R — R + R} ®
=T?0+2R.® =T*D +idDTAD.
On the other hand (3.1) yields
O, =AD+i0DTAD

R

which implies I' = A. Therefore we have

b, =—-AdP+RD 3.8)
R, = %@@TA — _AR—RA+R>. (3.9)
To solve (3.8), we first consider the linear system

v, = —AW.
It is easy to see that

U= (a (e ™, ... ay@)e T
Take the solution of (3.8) to be of the form

Sd=U—-MV. (3.10)
Then M has to satisfy

M,=MA — AM — R+ RM. (3.11)
Comparing (3.11) with (3.9) one finds

M= %RA‘I = %a;‘(obqﬂ). (3.12)

Equation (3.10) implies that
o0
U= Z M" . (3.13)
n=0
By using (3.12) and (3.13), it is found that

. . o0 n
o1 7y _ Yoo 1 T 2 rn—I
20wy = 2o; Y > Moe’m

n=0 =0
o8} n o0
=o' Y Y MMM ="M,
n=0 [=0 n=I
Setting
i 1o () (2
V== %a;l(\I’\I’T) Vij = T, @ )e’(““f)x

4 g+ A
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one obtains
T+V)d=VY or d=I-MWV=U+V)w. (3.14)
Notice that (3.1) and (3.8) give rise to

AD* = (A —R-— %q) ®. (3.15)
By inserting (3.9) and (3.15), (3.2) reduces to

<1>,=[—A"‘(A—R—lq)—%qA2+(A—R—%q>(—AR—RA+R2)

2
—(=AR —RA+R?» (A—R— %q)] ®=—-A®+RA%D. (3.16)
Let W satisfy the linear system
U, = —A3W, (3.17)
Then
U = (o1 (e ™%, ..., ay()e )T a;(t) =Be ™" j=1,...,N. (3.18)
j J

We now show that @ determined by (3.14) and (3.18) satisfies (3.16). In fact, we have
&, =—(+V)"! :—la;‘(\y,\ﬂ +WUHT+ V)W (1 + V)TN,

=1 =MANV+VAHD -1 —-MA}1+V)D
=-AND+(I -—MVAD+MAD
= AP +2MA D = —A>D + RA*D.
Therefore ® given by (3.14) and (3.18) satisfies (3.1) and (3.2) simultaneously, and g = &7 d*
is the solution of the mKdV equation (2.6). Notice that
(W)= —WTADd+ VT (~A+R)D
=W (21 +2M)AD = 20T AD

1 1 i i
gx = z(cbfcb* + 0¥ = 3 [(—cb*TA - %qd)T) o* + @ <—Ad> + %qdf‘)}

= — (@AD" + T AD) = —Re (OT AD).

So we have
N
qg=1Re(¥'®)=1Re Zak(z)e**%k. (3.19)
k=1

Finally, as pointed out in [1], formulae (3.14) and (3.19) give rise to the well known N-soliton
solution of a mKdV equation (2.6)

u = 20, ImIn(det (1 +V)).

4. Conclusion

We first factorize the mKdV equation into two commuting integrable x- and z-constrained
flows, then use them and their Lax representation to directly derive the N-soliton solution for a
mKdV equation. The method proposed in the present letter and a previous paper [19] provides
a general procedure for constructing N -soliton solutions for soliton equations via their x- and
t-constrained flows and can be applied to other soliton equations.
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